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A note on the relations between thermodynamics, energy definitions and Friedmann
equations
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In what follows, we investigate the relation between the Friedmann and thermodynamic pressure
equations, through solving the Friedmann and thermodynamic pressure equations simultaneously.
Our investigation shows that a perfect fluid, as a suitable solution for the Friedmann equations
leading to the standard modeling of the universe expansion history, cannot simultaneously satisfy
the thermodynamic pressure equation and those of Friedmann. Moreover, we consider various
energy definitions, such as the Komar mass, and solve the Friedmann and thermodynamic pressure
equations simultaneously to get some models for dark energy. The cosmological consequences of
obtained solutions are also addressed. Our results indicate that some of obtained solutions may
unify the dominated fluid in both the primary inflationary and current accelerating eras into one
model. In addition, by taking into account a cosmic fluid of a known equation of state, and combining
it with the Friedmann and thermodynamic pressure equations, we obtain the corresponding energy
of these cosmic fluids and face their limitations. Finally, we point out the cosmological features of
this cosmic fluid and also study its observational constraints.
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1. INTRODUCTION
The homogeneity and isotropy of cosmos in scales
larger than 100-Mpc motivates us to use FLRW met-
ric and an energy-momentum source in the T µν =
diag(ρ, p, p, p) form to describe the spacetime geometry,
where ρ and p are the energy density and momentum of
the source, respectively [1]. p = wρ is a simple solution,
used to describe the universe expansion eras, in which w
is called the state parameter, and w = 13 , 0 denote the
radiation and matter dominated eras, respectively [1].
Moreover, a fluid with w ≤ − 23 and w = −1 is needed
in order to describe the current and primary inflationary
phases of the universe, respectively [1, 2]. It has also been
shown that a perfect fluid model of current accelerating
phase cannot satisfy the thermodynamics stability con-
ditions [3]. Here, we should note that, although a perfect
fluid with w ≤ − 23 cannot satisfy the thermodynamic
stability conditions [2, 3], the whole system, including
the geometry and the cosmic fluid filling the background,
meets the stability conditions [2, 4–6]. The latter is due
to the effects of the cosmic dominated fluid on the hori-
zon part of total entropy which controls the behavior of
total entropy in the long run limit (the current phase of
universe) [2, 4–6]. In fact, the universe meets the ther-
modynamic equilibrium, whenever the dominated cosmic
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fluid is a prefect fluid of −1 ≤ w ≤ − 23 [2, 4–6].
In addition, to describe the universe’ dynamics, some
authors use a type of fluid with the equation of state
p = p(ρ), which differs from the perfect fluid model [7–
28]. Such equation of state can be generated from the
quantum effects near the future singularities [7–10] and
also the so-called bag models of the hadron production
from the quarks-gluons coagulation [22–25]. In fact, a
fluid of varying state parameter may lead to a unified de-
scription for the cosmos sectors such as dark matter and
dark energy [26, 27]. It may also help us in finding out a
better description for the universe transitions between its
various eras [26, 27]. Moreover, considering such equa-
tion of state, one can get a suitable description for the
interactions between the dark energy and other parts of
cosmos which may solve the coincidence problem [27, 28].
Therefore, it is of the great importance to study the cos-
mological features of fluids of non-constant state param-
eter [26–28]. It is also shown that fluids with two free
parameters, obeying the van der Waals equation of state
or p = kργ , where k and γ are constants, may satisfy the
thermodynamics stability conditions [29–32]. Since the
FLRW universe is a spherically symmetric spacetime, it
seems that the Misner-Sharp mass is a proper definition
for the total energy confined by the FLRW apparent hori-
zon [33–41]. Moreover, one can also combine the Komar
mass definition with the first and second laws of thermo-
dynamics as well as the holographic principle to obtain
the Einstein and thus Friedmann equations and their var-
ious modifications [42–47]. In fact, there are many other
mass definitions used to investigate cosmic fluids [1, 48].
Friedmann equations relate the energy density and
pressure of cosmic fluid to the spacetime parameters.
2These equations do not say a thing about the nature
of the source and in fact, they can only tell how the
source parameters, including its energy density and pres-
sure, should behave. Therefore, one may assume a spe-
cial fluid, such as the perfect fluid, and solve the equa-
tions to obtain the source parameters as the functions of
the spacetime parameters, such as the Hubble parameter
[1]. In addition, it seems that the apparent horizon of
the FLRW metric plays the role of causal boundary for
this spacetime, and thus may be considered as a proper
boundary to investigate the thermodynamics of system
[34–36]. As a matter of fact, one can show that the uni-
fied first law of thermodynamics is valid on this surface,
a result which is parallel to the validity of the Friedmann
equations [34–40].
Now, taking into account this horizon as a boundary
for the system, it can be shown that, as we have previ-
ously mentioned, the thermodynamic stability conditions
of closed systems [49, 50], including the universe and the
fields that fill it, are met [2, 4–6]. In fact, since the obser-
vational data permit a dominated fluid of −1 ≤ w ≤ − 23
in the current stage of the universe [1], the thermody-
namic stability conditions are preserved by the universe
[2, 4–6] meaning that the current state of the universe
may be a thermodynamic equilibrium state. Thus, in the
current state of the universe, the expectation of the avail-
ability of the thermodynamic intensive quantities such as
the pressure and temperature for the dominated fluid is
not unlikely. Therefore, if we look at the current state
(the long run limit) of the cosmos as a thermodynami-
cal system in equilibrium [2, 4–6], at least in the time
scale of human life, then we may also consider a thermo-
dynamic equilibrium pressure for the cosmic fluid. The
latter means that a solution for the Friedmann equa-
tions may also satisfy the thermodynamic pressure equa-
tion which is indeed a thermodynamic equation of state
[49, 50]. Because the thermodynamic pressure is defined
as the derivative of energy with respect to the system
volume [49, 50], we need the cosmic fluid energy relation
to investigate the relation between the thermodynamic
pressure and Friedmann equations. We finally think that
searching for such solutions, satisfying the thermody-
namic pressure and Friedmann equations simultaneously,
may also help us to come close to a more proper definition
for the energy of cosmic fluid.
Our aim in this paper is to investigate the relation
between the Friedmann equations, the thermodynamic
pressure and various energy definitions. In fact, we are
going to find some solutions for the Friedmann equations,
which at the same time would satisfy the thermodynamic
pressure definition, and use them to model the dark en-
ergy candidates. In order to do so, taking the various
energy definitions of cosmic fluid, on one hand, we use
the thermodynamic pressure equation to obtain the cor-
responding pressure and then compare the result to those
obtained from solving the Friedmann equations. More-
over, by considering a general form for the energy, and
combining it with the thermodynamic pressure equation
as well as the Friedmann equations, we find some new so-
lutions. On the other hand, focusing on the situation in
which the equation of state is known, we will try to find
those new solutions for the Friedmann equations through
which both the Friedmann equations and the thermody-
namic pressure equation can be satisfied simultaneously.
This may help us to find the corresponding energy of this
solution in the FLRW background. We also take advan-
tage of some observation data to study the cosmological
consequences of the solutions we obtained.
We organize the paper as follows. In the next section,
bearing the various energy definitions in mind, we show
that a perfect fluid model cannot satisfy both the Fried-
mann and thermodynamic pressure equations simultane-
ously. This motivates us to use other fluids and energy
definitions in our modeling of the cosmic fluid. In fact,
this section helps us in clarifying our purpose and mo-
tivation in the presentation of this work. In the section
III, we will consider some energy definitions and com-
bine them with the thermodynamic pressure and Fried-
mann equations to have consistent solutions for the cos-
mic fluid, and use the obtained solutions for modeling
dark energy. In fact, our recipe, in this section, may help
us to provide a thermodynamic motivation for some type
of cosmic fluids and thus the dark energy candidates. In
section IV, we will focus on the fluids with a known equa-
tion of state, and we will try to solve the Friedmann and
thermodynamic pressure equations simultaneously in or-
der to obtain some properties of the energy-momentum
source such as its energy and its pressure. We also point
out the observational constraints on this kind of fluids
for modeling the dark energy in section V. Throughout
the paper, the cosmological consequences of the obtained
solutions for describing the current phase of the universe
will be also addressed. Section VI is dedicated to a sum-
mary of the results and concluding remarks.
2. PERFECT FLUID MODEL CANNOT
SATISFY THERMODYNAMICS AND
COSMOLOGY SIMULTANEOUSLY
The metric of the FLRW universe with scale factor a(t)
is written as
ds2 = −dt2 + a2 (t)
[
dr2
1− κr2
+ r2dΩ2
]
, (1)
in which κ = −1, 0, 1, called the curvature constant,
points to the open, flat and closed universes, respec-
tively [1]. Apparent horizon of this spacetime, a proper
causal boundary for thermodynamic investigations, as
the marginally trapped surface is evaluated by
∂µr˜∂
µr˜ = 0→ rA, (2)
3where r˜ = a(t)r, which finally leads to
r˜A = a(t)rA =
1√
H2 + κ
a(t)2
, (3)
for the physical radii of apparent horizon (r˜A) [34–36,
38, 39]. Since WMAP data confirms a flat universe, we
focus on the κ = 0 case, and therefore, V = 4pi3H3 is
the volume of the flat FLRW universe confined by the
apparent horizon located at r˜A =
1
H
. The Friedmann
first equation and the continuity equation are
H2 =
8pi
3
ρ, (4)
and
ρ˙+ 3H(ρ+ p) = 0, (5)
respectively. In these equations, ρ and p denote the en-
ergy density and pressure of a homogenous and isotropic
source supporting the FLRW geometry, respectively. If
we use V = 4pi3H3 to rewrite Eq. (4), we will have
ρ(V ) =
1
2
( 3
4pi
) 1
3
V −
2
3 , (6)
in the flat FLRW universe. One can combine Eqs. (4)
and (5) with each other to obtain the Friedmann second
equation as
3H2 + 2H˙ = −8pip. (7)
Therefore, a solution for ρ and p which satisfies Eqs. (4)
and (5) simultaneously, also meets Eq. (7). These equa-
tions can also be combined with each other to yield the
Raychaudhuri equation
H˙ = −4pi(ρ+ p). (8)
A perfect fluid with p = wρ, where w is called the
state parameter, a constant parameter, is a simple so-
lution for the above equations in a good agreement with
observations data [1]. Moreover, for metric (1), since it is
a spherically symmetric metric, the Misner-Sharp mass
[33] leads to EMS =
1
2H = ρV and it is used in vari-
ous papers in order to obtain the Friedmann equations
from thermodynamics arguments [37, 40, 41]. In fact,
the EMS = ρV equality is only valid in the flat FLRW
universe, governed by the Friedmann equations, which
means that Eq. (6) is valid. As we have previously men-
tioned, the dark energy candidate, as the dominated fluid
in the present state of the universe, is the backbone of
the probable thermodynamic equilibrium of the universe
[2, 4–6]. In fact, since the satisfaction of the thermody-
namic equilibrium conditions in the current stage of the
universe expansion is not impossible [2, 4–6, 29–32], it is
not also unlikely to define the thermodynamic pressure
for at least the dark energy component as the dominated
fluid in the current state of the universe. In thermody-
namics, pressure is defined as
p = −
(∂E
∂V
)
S
, (9)
where E and S are the energy and entropy of energy-
momentum source, respectively [49, 50]. Now, for the
flat universe with V = 4pi3H3 , by using Eq. (4) and the
Misner-Sharp mass to compute pressure from Eq. (9),
we have
p = −
1
3
ρ, (10)
independently of the nature of the energy-momentum
source. It goes without saying that this result is in direct
conflict with the universe expansion history, for example,
the radiation dominated era. In short, this result indi-
cates that the sign of the thermodynamic pressure differs
from the one of the energy density, a result which is in
agreement with previous works showing that the ther-
modynamic pressure of a universe filled by an ideal gas
with vanishing speed of sound can only be zero or nega-
tive [51]. Now, since some authors have shown that the
Komar mass (E = (ρ + 3p)V ) is in agreement with the
Friedmann and continuity equations as well as the ther-
modynamics laws [42–46], we may consider it as a true
mass definition in the cosmological setups. By following
the above recipe for the Komar mass and a perfect fluid
with constant w, we see that only a perfect fluid with
w = − 16 meets all of the above equations, which seems
unsatisfactory. Moreover, if we use the (ρ+p)V definition
of energy [1], we obtain a perfect fluid with w = − 14 which
is again in conflict with the universe history. Now, if we
define E = (βρ+ ζp)V and follow the above recipe for a
perfect fluid with constant state parameter, we can reach
the w = − β
ζ+3 relation for the state parameter. In addi-
tion, since p = wρ, we have E = (β+ζw)ρV which finally
leads to E = −3wρV . As it is obvious, a perfect fluid
with a positive constant state parameter, such as radia-
tion, cannot lead to solutions with positive energy in the
universe whole history, a result which again looks unsat-
isfactory. Indeed, the latter result tells us that since E is
a positive quantity, w should meet the w ≤ 0 condition, a
result which may be in line with the current accelerating
universe [1], but it is in direct conflict with the radiation
and matter dominated eras as well as the thermodynam-
ics stability conditions [3]. Therefore, although a perfect
fluid with p = wρ helps us in describing the universe
expansion in an appropriate manner, it cannot satisfy
the Friedmann, continuity and thermodynamic pressure
equations as well as the E > 0 condition simultaneously.
Indeed, one may conclude that there is an intrinsic incon-
sistency in the triple relation between thermodynamics,
Friedmann equations and thus the universe history, if one
takes into account the perfect fluid concept, as the dom-
inant perfect fluid, and the mentioned energy definitions
for modeling the universe dynamics. This inconsistency
motivates us to find and use another energy definitions
4and cosmic fluids which can always meet the Friedmann,
continuity and the thermodynamic pressure equations si-
multaneously.
3. FROM ENERGY DEFINITION, FRIEDMANN
AND THERMODYNAMIC EQUATIONS TO THE
COSMIC FLUID
Here, we combine the energy definitions with the Fried-
mann and thermodynamic pressure equations to con-
struct a model for the cosmic fluid.
3.1. The Komar mass
Inserting the Komar mass, E = (ρ+3p)V , and Eq. (6)
into Eq. (9) and using ∂
∂V
= ∂
∂ρ
∂ρ
∂V
we have that
dp
dρ
−
2p
ρ
−
1
6
= 0, (11)
which leads to
p(ρ) = ρ
(
c0ρ−
1
6
)
, (12)
where c0 is an integration constant. This result may cover
a modified Polytropic model with the Polytropic index
n = 1 [11], and also a modified Chaplygin model with
the Chaplygin parameter α = −2 [17, 18], which are used
to describe the nature of dominant fluid in current phase
of the universe expansion. Here, it is also interesting to
note that, as a check, the result of a perfect fluid with
w = − 16 , obtained in previous section, is produced in
the c0 → 0 limit. Nevertheless,, inserting Eq. (12) into
Eq. (5) we find
ρx(a) = ρx0
5a
−5
2
1− 6c0a
−5
2
. (13)
Therefore, E = (ρ + 3p)V is the energy content of a
universe where the energy-momentum source satisfies
Eqs. (12) and (13). We note here that the authors in
[11, 17, 18], use the Misner-Sharp definition to study
their models, while we have seen that the Komar mass
is a more suitable definition of energy for these models.
Finally, our work proposes that,whenever Komar mass
is combined with the thermodynamics, Friedmann and
continuity equations, it will provide a motivation for
modeling the flat FLRW universe by a source satisfying
Eq. (12), which is similar to a modified Polytropic
gas with n = 1 and a modified Chaplygin model with
α = −2.
Let us now investigate the cosmological consequences
of the solution given by Eq. (13) that, associated with the
thermodynamic pressure Eq. (12) results in an equation
of state (EoS) defined by
w(z) =
p
ρ
= c¯0
5(1 + z)
5
2
1− 6c0(1 + z)
5
2
−
1
6
, (14)
where we have defined c¯0 = c0ρx0. From Eq. (13), one
can check that ρx(a) tends to the constant ρx0 for the
current value of scale factor (a → 1), while c0 = −
4
6 .
Fig. (1) shows the evolution of w(z) for several values of
c¯0.
It is worth mentioning that for z ≥ 0, including both the
FIG. 1: EoS given by Eq. (14) as a function of the redshift
for some values of c¯0.
past and present state of universe, w(z) is always negative
for c0 = −
4
6 . Therefore, one may use w(z) to describe the
primary inflationary and current accelerating expansions
of universe. As an example, for − 56 ≤ c¯0 ≤ −
1
2 , EoS is
within the −1 ≤ ω(z) ≤ − 23 range in the z → 0 limit.
Since c¯0 = c0ρx0, one can finally has the
3
4 ≤ ρx0 ≤
5
4
range for ρx0 in this situation. The c¯0 = −
2
3 case leads to
interesting behavior. For this case, w(z) tends to −1 and
− 56 as z → ∞ and z → 0, respectively. Therefore, this
case may be used to model the dominated fluids in both
the primary inflationary and current accelerating phases
into one model.
The Friedmann’s equation (4) in the presence of the
fluid given by Eq. (13) is written as
H2(z)
H20
= Ωm0(1 + z)
3 +Ωx0
5(1 + z)
5
2
1− 6c0(1 + z)
5
2
, (15)
where, taking H(z = 0) = H0, we have the constraints
Ωx0 = 1− Ωm0.
5Since the deceleration parameter defined as,
q = −1−
dH
da
a
H
,
using Eq. (15) and inserting c0 = −
4
6 we find
q(z) =
5(1−Ωm0)[1−16(1+z)
5
2 ]
Ωm0(1+z)
1
2
+ 2[1 + 4(1 + z)
5
2 ]2
20(1−Ωm0)[1+4(1+z)
5
2 ]
Ωm0(1+z)
1
2
+ 4[1 + 4(1 + z)
5
2 ]2
, (16)
which is plotted in Fig. (2) for Ωm0 = 0.31. It tends
to 12 and −0.362 as z → ∞ and z → 0, respectively.
Transition to negative deceleration parameters happens
around z ≃ 0.68 which is close to observation (z ≃ 0.6)
[1].
FIG. 2: Evolution of the deceleration parameter q(z) defined
in Eq. (16). In drawing the graphs we have taken Ωm0 = 0.31.
The universe can admit a future singularity, if the cos-
mic fluid satisfies at least one of the below conditions
[8, 10]:
Type I singularity: ρ, |p| → ∞ for t→ tc and a→∞,
Type II singularity: ρ→ ρc and |p| → ∞, while t→ tc
and a→ ac.
Type III singularity: ρ, |p| → ∞, for t → tc and a →
ac,
Type IV singularity: ρ, |p| → 0, for t→ tc and a→ ac,
where tc, ρc and ac 6= 0 are constant. A phantom source
leads to the type I singularity called Big Rip [52]. The
second type, called sudden, happens while p diverges at
finite ρ, a and thus time [53]. The third type will happen
whenever both ρ and p diverge at finite a and thus a
finite time [9]. Type IV singularity may also be reached
while both ρ and p vanish at finite time and thus a finite
scale factor a [8]. The last two types may be appeared
in a universe supported by a source with p = −ρ− f(ρ)
equation of state [8–10]. It is easy to check that Eq. (13)
avoids any future singularity for c0 < 0, that means the
c0 = −
4
6 case is free from singularity.
3.2. The general proposal for energy and its
consequences
Now, bearing the homogeneity and isotropy of the uni-
verse in mind, we may write the energy content of the
universe as E = βρV + ζpV , which is in fact a gener-
alization of the mentioned energy definitions. It covers
the Misner-Sharp in the ζ = 0 and β = 1 limits. More-
over, it converges to the Komar mass by inserting the 1
and 3 values for β and ζ parameters, respectively. An-
other interesting case is the β = −ζ = 12 case leading
to E = WV , where W = ρ−p2 is the work density [37].
The latter case is interesting since it includes the work
density which plays the role of pressure in deriving the
Friedmann equations by applying the unified first law of
thermodynamics on the various horizons of FLRW uni-
verse [34–41].
Following the above recipe for E = βρV + ζpV , we
obtain that
dp
dρ
−
3(ζ + 1)p
2ζρ
−
β
2ζ
= 0, (17)
which leads to
p(ρ) = Aρ
3(ζ+1)
2ζ −
βρ
ζ + 3
, (18)
where A is an integration constant. Now, inserting the
latter equation into (5), we reach
ρ(a) = ρx0[
(ζ + 3− β)a−
3(ζ+3−β)
2ζ
1−A(3 + ζ)a−
3(ζ+3−β)
2ζ
]
2ζ
3+ζ . (19)
Moreover, for the state parameter and the Friedmann
equation in the presence of such fluid, we have
w(z) = A¯1[
(ζ + 3− β)(1 + z)
3(ζ+3−β)
2ζ
1−A(3 + ζ)(1 + z)
3(ζ+3−β)
2ζ
]−
β
ζ + 3
, (20)
where A¯1 = Aρ
ζ+3
2ζ
x0 , and
H2(z)
H20
= Ωm0(1 + z)
3 +
Ωx0(
(ζ + 3− β)(1 + z)
3(ζ+3−β)
2ζ
1− (β − ζ − 2)(1 + z)
3(ζ+3−β)
2ζ
)
2ζ
3+ζ ,(21)
respectively. To obtain the last equation, we have con-
sidered A = β−ζ−23+ζ which comes from the ρ(z = 0) = ρx0
6assumption. Calculations for the deceleration parameter
lead to
q(z) =
1 +A(z)
2(1 +B(z))
, (22)
in which
A(z)
=
Ωx0(ζ + 3− β)
2ζ
3+ζ (1 + z)
3(ζ+3−β)
3+ζ
Ωm0(1 + z)3
[
1− (β − ζ − 2)(1 + z)
3(ζ+3−β)
2ζ
] 3(ζ+1)
3+ζ
× [2(β − ζ − 2)(1 + z)
3(ζ+3−β)
2ζ +
ζ − 3β + 3
3 + ζ
]
(23)
B(z)
=
Ωx0(ζ + 3− β)
2ζ
3+ζ (1 + z)
3(ζ+3−β)
3+ζ
Ωm0(1 + z)3
[
1− (β − ζ − 2)(1 + z)
3(ζ+3−β)
2ζ
] 2ζ
3+ζ
.
It is easy to check that, as a desired result, the previous
results are obtainable by inserting β = 1 and ζ = 3 into
the above equations.
This solution my cover the Polytropic and modified
Polytropic models with the Polytropic index n = 2ζ3+ζ for
β = 0 and β 6= 0, respectively [11]. The Chaplygin and
modified Chaplygin models with the Chaplygin param-
eter α = − 3(ζ+1)2ζ may also be obtained for β = 0 and
β 6= 0, respectively [17, 18]. Here, it is worth mentioning
that, for β = ζ + 1, the preceding equation of state con-
verges to a model which was initially introduced in [7]
and studied in more details in [8–10]. More studies on
the various properties of this equation of state, such as
its future singularities etc., can be found in [8–10, 22–
24]. Therefore, our work may give us the energy content
of their model and a thermodynamic motivation for that.
It is also useful to mention here that the quark bag model
[25] permits the same relation as Eq. (18), which leads
to the obeyance of the results in the cosmological set-ups
[22, 24], and therefore, our scheme can be considered as
a thermodynamic motivations for their claims and equa-
tions of state. In addition, our work gives us the energy
content of a universe filled by such component. It is also
interesting to mention here that the authors in [22] have
considered a fluid with pressure p = ρ(a − f(ρ)), while
−1 < a, and study its cosmological applications. They
find out that the f(ρ) ∼ ρµ case, while µ > 0, may lead to
compatible results with the universe history and its cur-
rent phase [22]. Let us compare our results with those of
Ref. [22] a little more. Comparing their result (µ > 0)
with Eq. (18), we have obtained that ζ+1
ζ
> 0 condition.
Therefore, by this scheme, we found the equation of
state for the cosmic fluid with T µν = diag(−ρ, p, p, p),
filling the background, and its corresponding energy in a
compatible way with the thermodynamic pressure, Fried-
mann, continuity, and Raychaudhuri equations. Finally,
we should mention our investigation shows that models
proposed in [8–10, 22–24] can satisfy the Friedmann and
thermodynamic equations simultaneously. In Fig. (3),
w(z) has been plotted for the some values of β, ζ and
A¯1 while A =
β−ζ−2
3+ζ . In fact, since we need a fluid of
ω ≤ − 23 to model the current phase of universe [1, 2], we
should have A¯1 −
β
ζ+3 ≤ −
2
3 at z = 0.
FIG. 3: EoS given by Eq. (20) as a function of the redshift
for some values of β, ζ and A¯1.
It is worth mentioning that, in the z →∞ limit, w(z)
converges to − β
ζ+3 while
3(ζ+3−β)
2ζ ≤ 0, and converges
to A¯1(
ζ+3−β
ζ+2−β ) −
β
ζ+3 if
3(ζ+3−β)
2ζ ≥ 0. Moreover, as it
is clear from Fig (3), the ζ = 3β = 3 and ζ = β = 1
cases, whenever A¯1 = −0.5, may be used to unify the
dominated fluids in both the primary inflationary and
current accelerating phases into one model.
q(z) has also been plotted in Fig. (4) for some values of ζ
and β, whenever Ωm0 = 0.31. All the curves converge to
1
2 at the z → ∞ limit. Transition from the decelerating
universe to an accelerating universe happens around z ≃
0.6 for the β = ζ6 = −1 case. Besides, such transition is
happen around z ∼ 0.62 and z ∼ 0.69 for the β = −ζ = 6
and (β = 0, ζ = 3) cases, respectively. Finally, it is useful
to mention that this transition also happens around z ∼
0.082 for the β = −ζ = 12 case.
4. FROM THE EQUATION OF STATE,
FRIEDMANN EQUATION AND
THERMODYNAMIC PRESSURE TO ENERGY
As we have mentioned in the introduction, the study
of the cosmological features of fluids of p = p(ρ) is im-
portant [26–28]. Therefore, we here consider a case in
7FIG. 4: Evolution of the deceleration parameter, Eq. (22),
as a function of the redshift.
which the p(ρ) relation is given, such as the Polytropic
and Chaplygin models. One can use Eq. (6) to obtain
p(V ). In addition, by inserting the result into Eq. (9)
and using Eq. (4) one can obtain an expression for the
energy as a function of ρ and V . As an example, if we as-
sume that p = ωρ and combine Eqs. (4) and (9) with each
other, we have that E = −3ωρV relation for energy, as
we have previously obtained in the second section, while
ω is constant. Therefore, solutions with ω ≤ 0 leads to
positive energy, a result which may be in line with the
current accelerating universe. However, it is in direct
conflict with the radiation and matter dominated eras as
well as the thermodynamic stability conditions [3]. One
can check to see that the ρ(a) and a(t) relations are the
same as those of the standard cosmology. It is also useful
to note that the authors in [3], considered the total mass
definition for energy (E = ρV ) and they had shown that
a dark energy fluid satisfying p = ωρ, which has only one
free parameter including ω, is unphysical. In addition,
following the above recipe for p = Kργ when K and γ
are constant. We have
E =
[ 3
2γ − 3
]( 3
32pi
)γ−1
K(ρV )3−2γ
for the energy which, as a check, covers the p = ωρ case
in the appropriate limit γ = 1 and K = ω. The E > 0
condition also leads to γ > 32 for K > 0 and γ <
3
2 for
K < 0. Here, it is useful to note that these solutions,
which have two free parameters including K and γ, may
satisfy the thermodynamic stability conditions [29–32].
Let us now consider the general case p = Kργ and
insert it into Eq. (5) to obtain
ρ(a) = ρ0
[
a3(γ−1) −K
] 1
1−γ
, (24)
for density. By using Eq. (6), we can write that
V (a) = V0
[
a3(γ−1) −K
] 3
2(γ−1)
, (25)
where V0 = 2(
32pi
3 )
− 12 ρ
− 32
0 . We can see that for
3
2 < γ,
density and volume are decreased and increased, respec-
tively. Now, let us study the behavior of the deceleration
factor q = −1 − H˙
H2
. Since 1 + z = 1
a
, where z is the
redshift, by using Eqs. (4), (8) and (24) we can write
that
q =
1
2
[1 +
K ′(1 + z)3(γ−1)
1−K(1 + z)3(γ−1)
], (26)
where K ′ = 3Kργ−10 . For γ >
3
2 , while E > 0, we reach
q ∼
1
2
[
1−
K ′
K
]
, (27)
and
q ∼
1
2
[
1 +
K ′
1−K
]
, (28)
for the z → ∞ and z → 0 limits, respectively. Bearing
the deceleration parameter of radiation matter era (q =
1) in mind, by implying this condition to Eq. (27) we
have ρ0 = (
−1
3 )
1
γ−1 . In order to have an estimation for
K, we insert the q = −0.6 value for the z → 0 limit [1],
leading to K = 1116 , which is compatible with the E > 0
and γ > 32 conditions, and thus K
′ = − 1116 . Finally, we
have
q =
1
2
[
1−
11(1 + z)3(γ−1)
16− 11(1 + z)3(γ−1)
]
, (29)
where 32 < γ. Recent observations indicate that there
is a transition from deceleration to acceleration phase
at z ≃ 0.6 in the universe history [54–56]. Using this
observational result in Eq. (29) we have that γ ≃ 0.77
which is in contrast with 32 < γ and thus the E > 0
expectation. In addition, one can check to see that the
q(z → ∞) → −1 initial condition, leads to K < 0 for
γ > 32 which is unsatisfactory. Moreover, by applying
the q(z → ∞) → 12 initial condition leads to two so-
lutions. One of them yields K = 0 which covers the
matter dominated era (q = 12 and ρ(a) = ρ0a
−3) but
with E = 0. The other leads to the unphysical solution
ρ(a) = 0. Therefore, these type of solutions (32 < γ) seem
unsatisfactory.
Now, let us focus on the γ < 32 case, where the E > 0
condition requires that K should be a negative quantity.
For z → ∞, we can write that q ≃ 12 , which signals us
to a matter dominated era [1]. In order to continue our
investigation, we confine ourselves to the ρ0 = 1 case
yielding K ′ = 3K. Additionally, since q(z → 0) ≃ −0.6
[1] and q(z ≃ 0.6) ≃ 0 [54–56], we have K = K
′
3 = −
11
4
and γ ≃ −0.21. Therefore, a solution with ρ0 = 1, K =
8− 114 and γ ≃ −0.21 can satisfy both the theoretical (E >
0) and observational (q(z → 0) ≃ −0.6 and q(z ≃ 0.6) ≃
0) conditions. Moreover, simple calculations show that
this model is free from any future singularity. Finally, as
it is shown in Fig (4), this fluid may be used to describe
the universe history from the matter dominated era to
its current phase.
FIG. 5: Evolution of the q(z) function.
Moreover, since E ∼ (ρV )3−2γ ∼ V
3−2γ
3 , by simple
calculations we obtain E ∼ 1
((1+z)3.63+ 114 )
1.41 , for the en-
ergy evolution in this model. In order to have a vision
about the energy changes in this model, we have plotted
E = E0
1
((1+z)3.63+ 114 )
1.41 for E0 = 1, in Fig (5).
However, since E → 0 in the z → ∞ limit, it seems
that this solution is unsatisfactory for describing the mat-
ter dominated era, where q = 12 . Therefore, this type of
solution may be used to describe a universe with q < 12 .
5. OBSERVATION CONSTRAINTS
In this section we discuss the observational constraints
on the cosmological fluid defined in the last section, i.e.,
the density energy given by Eq. (24). Let us assume that
this fluid can be interpreted with a model of unification
in the dark sector, i.e, cosmological scenario that unifies
dark matter and dark energy. Such proposal has been
considered by many authors in the literature [17, 18, 57–
72]. Thus, with these considerations the Hubble expan-
sion rate can be written as
H(z) (30)
= H0
√
Ωb0(1 + z)3 + (1− Ωb0)[(1 + z)−3(γ−1) −K]
1
1−γ
FIG. 6: Energy, E(z), of the polytropic gas as a function of
the redshift.
To fit the free parameters K, λ, and h1, we can
use the public code CLASS [73] in connection to the
Monte Carlo code public Monte Python [74]. We choose
the Metropolis Hastings algorithm as our sampling
method. The data set utilized in our analysis are: a)
Type Ia supernovae (SNe Ia) from Union 2.1 compila-
tion [75], available at http://supernova.lbl.gov/Union,
that contains 580 SN Ia data in the redshift range
0.015 ≤ z ≤ 1.41; b) Baryon acoustic oscillations
(BAO) data measurement from the Six Degree Field
Galaxy Survey [76], the Main Galaxy Sample of Data
Release 7 of Sloan Digital Sky Survey [77], the LOWZ
and CMASS galaxy samples of the Baryon Oscillation
Spectroscopic Survey [78], and the distribution of the
Lyman Forest in BOSS [79]; c) Observational Hubble
parameter (OHD) data compiled by X. L Meng et al.
[80], which comprising in 37 data points in the in the
redshift range 0.0708 ≤ z ≤ 2.36. During the realization
of statistical analysis we consider Ωb0 = 0.05 and |K|.
Figure 7 shows the confidence regions at 1σ and 2σ
C. L in the plane γ − K for the proposed cosmological
model. Figure 8 shows the marginalized one-dimensional
posterior distribution for the parameters of the models,
with their corresponding 1σ uncertainties. It is easy to
see that for γ = 0 the Hubble expansion rate defined in
Eq. (30) has a similar dynamic to the ΛCDM model, if
we assume that 1−Ωb0 ≃ 1. In this case the constant K
plays the role of a “cosmological constant”. Our results
1 Here the parameter h represent the reduced Hubble constant
valued at present moment, i.e. h = H0/100.
9FIG. 7: 1σ and 2σ confidence level in the parametric space
γ −K from the joint analysis SNe Ia + BAO + OHD.
FIG. 8: Marginalized one-dimensional posterior distribution
for the parameters K, h, and γ. The dashed line stands for
the average likelihood distribution.
summarized in Figures 7 and 8 show that a polytropic
gas with EoS given by p = Kργ has a obvervacional fit
compatible with the ΛCDM model. Showing that a cos-
mological unified scenario for dark matter and dark en-
ergy, and which satisfies the thermodynamic conditions
presented in the present work, can fit the current astro-
physicists data in the presence of a single dark fluid.
6. SUMMARY AND DISCUSSION
In the standard cosmology, a perfect fluid with p = wρ
and a constant equation of state (w), satisfying the Fried-
mann and continuity equations simultaneously, can be
used to construct a model for the universe expansion.
Our analysis shows that, during the cosmos evolution, it
is impossible to preserve the Friedmann and the thermo-
dynamic pressure equations simultaneously, if one takes
into account the perfect fluid concept. In addition, we
have referred to the Komar mass and found that if we
combine it with the Friedmann first equation and in-
sert the result into the thermodynamic pressure equa-
tion, we construct an equation of state which is similar
to the modified polytropic and modified Chaplygin mod-
els. Following that, by using the continuity equation, we
can write a relation for the density profile of cosmic fluid
which may be in agreement with the primary inflationary
and current phases of the universe expansion. In fact, the
obtained density is free from singularity and it may unify
the nature of the dominated fluid in both the primary
inflationary and current accelerating eras into one fluid.
Moreover, we have considered a special expression for
energy that covers the previous definitions. Combining
this energy definition with the thermodynamic pressure
definition and the Friedmann second equation, we got
the p(V ) relation. Bearing the Friedmann first equation
in mind, we could obtain the p(ρ) relation, and showed
that the obtained solutions can be used to model the uni-
verse expansion, a result which is in agreement with some
previous attempts [7–24]. We also found out that some
type of the obtained solutions may be used to unify the
dominated fluids in both the primary inflationary and
current accelerating phases into one model. In addition,
our study helps us to obtain the corresponding energy of
these models, in the cosmological setup, in a similar line
with the thermodynamic pressure definition. Therefore,
our investigation may also be considered as the thermo-
dynamic motivation for these models. Thereinafter, we
have focused on the situation in which the p(ρ) relation
is valid. By combining the equation of state with the
Friedmann first equation and inserting the result into
the pressure thermodynamic definition, we could obtain
a relation concerning the energy. Our study shows that
this recipe does not lead to a suitable result for the per-
fect fluid (p = wρ) case. In addition, we saw that the
p = Kργ case, in which K is constant, leads to a solu-
tion which may be free from any future singularity and
also may govern the universe expansion during the time
that its deceleration parameter meets the q < 12 condi-
tion. We have constrained the parameters K and γ with
recent observational data from SNe Ia + BAO + OHD.
Based on our results, solving the Friedmann and the ther-
modynamic pressure equations simultaneously, one gets
solutions for cosmic fluids that can be used to model the
dark energy candidates. Finally, it is worthwhile men-
tioning that our investigation suggests that the thermo-
dynamic pressure equation, as a thermodynamic equa-
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tion of state, imposes serious constraints on the cosmic
fluids (solutions of the Friedmann equations), their en-
ergy and thus the energy definitions. Therefore, this is
still an unanswered question dealing with what kind of
fluids and energy definition one can solve the Friedmann
and thermodynamics equations simultaneously. The lat-
ter being due to the fact that we do not exactly know
the true final forms of the laws governing the universe
expansion and energy definition in the gravitational the-
ories. We also think one may use the thermodynamic
pressure definition to write a relation for the energy of
cosmic fluid in the cosmological setups.
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